Abstract. In the classical plane Couette flow, certain 3D steady solution (the so-called lower branch state) of the Navier-Stokes equations has a nontrivial limit as the Reynolds number approaches infinity [8] . The limit is a shear of the form (U (y, z), 0, 0) in velocity variables. On the other hand, all the shears of this form are solutions of the corresponding 3D Euler equations. This note derives a necessary condition for such a shear to be a limit shear. The condition is R ∆U f (U )dydz = 0 for any function f satisfying certain boundary condition. Similar conditions are also derived for plane Poiseuille flow and pipe Poiseuille flow, which correspond to similar limit shears as revealed in [7] [6].
Introduction
There has been a lot of continuing interest in searching for 3D steady solutions or traveling wave solutions in plane Couette flow, plane Poiseuille flow, and pipe Poiseuille flow [5] [4] [7] [3] [8] [6] [2] [1] . These non-wandering solutions may be linked to structures in transitional turbulence. The most recent study of Wang, Gibson and Waleffe [8] reveals that the lower branch steady solution of the 3D Navier-Stokes equations in the plane Couette flow has a nontrivial limit as the Reynolds number approaches infinity. The limit is a shear of the form (U (y, z), 0, 0) in velocity variables. On the other hand, all the shears of this form are solutions of the corresponding 3D Euler equations. The natural question is to ask what is the unique property for such a shear to be a limit shear. This possible unique property has to be defined by the Navier-Stokes equations. In the plane Couette flow, the component (U (y, z), 0, 0) defines the structure called "streak". Numerical study [7] reveals that there is a strong interaction between the streak component (U (y, z), 0, 0) and the so-called "roll" component (0, v 0 (y, z), w 0 (y, z)). Therefore, it is reasonable to expect that this interaction shall define some properties for the limit shear. Indeed, the property we shall derive in this note is ∆U f (U )dydz = 0 for any function f satisfying certain boundary condition. In other words, This is a necessary condition for such a shear to persist for Navier-Stokes equations. We also derive similar conditions for plane Poiseuille flow and pipe Poiseuille flow. For the pipe Poiseuille flow, recent study of Viswanath [6] as that mentioned above for the plane Couette flow [8] . For the plane Poiseuille flow, the limiting behavior should be similar too [7] .
Plane Couette Flow
The plane Couette flow is governed by the Navier-Stokes equations (2.1)
where (u 1 , u 2 , u 3 ) are the three components of the fluid velocity along (x, y, z) directions, p is the pressure, and ǫ = 1/R is the inverse of the Reynolds number. The boundary condition is
where a < b, α < β, and u i (i = 1, 2, 3) are periodic in x and z directions with periods ℓ 1 and ℓ 3 . We start with the steady shear solutions of the 3D Euler equations:
In particular, the relevant steady shears that may persist for Navier-Stokes equations should satisfy the boundary condition (2.2), i.e.
and U (y, z) is periodic in z with period ℓ 3 . Let
be the possible corresponding steady solutions to the 3D Navier-Stokes equations, where we assume (u, v, w, p) and their spatial derivatives are of order o(R −1/2 ) (This order includes the O(R −0.9 ) first x-harmonic mode reported in [8] ) as R → +∞. Notice that (u, v, w) satisfy zero boundary condition at y = a, b, and are periodic in x and z. We also assume that p is periodic in x and z. One can write these lower case variables in terms of Fourier series,
Substituting (2.3) into the steady (∂ t = 0) form of the Navier-Stokes equations (2.1), we have the leading order equation (as R → +∞)
Using the Fourier series (2.4), the n = 0 mode leads to the following equations
According to the work [8] , the "roll" (v 0 , w 0 ) are O(R −1 ) in consistency with (2.9) which represents the interaction between the "streak" (U (y, z), 0, 0) and the "roll" 
then the system (2.9)-(2.12) reduces to (2.14)
where ψ is periodic in z (This means that we have assumed that v 0 has zero zdirectional mean.), and satisfies the boundary condition
Denote by L the linear operator
where we used the fact that U z vanishes at y = a, b and the variables are periodic in z. This shows that the operator L is anti-self-adjoint. For the equation (2.14) to have a solution ψ, the necessary compatibility condition is that (ker L, ∆U ) = 0, where (φ, ϕ) = φϕdydz. Notice that for any f ,
Notice also that
then such a f (U ) also satisfies the boundary condition (2.15), and such a f (U ) ∈ ker L. In summary, we have obtained the following theorem.
Theorem 2.1. For the steady shear solutions of the 3D Euler equations
satisfying the boundary condition
and being periodic in z with period ℓ 3 , to persist for the 3D Navier-Stokes equations; a necessary condition is
where f is any function satisfying f ′ (α) = f ′ (β) = 0.
Plane Poiseuille Flow
The plane Poiseuille flow is governed by the same Navier-Stokes equations (2.1). The boundary condition is different from (2.2) in that α = β. For convenience, we choose a = −1, b = 1, and α = β = 0. The energy input of the plane Poiseuille flow is provided by a constant pressure derivative.
We start with the steady shear solutions of the 3D Euler equations:
In particular, the relevant steady shears that may persist for Navier-Stokes equations should satisfy the boundary condition, i.e.
be the possible corresponding steady solutions to the 3D Navier-Stokes equations, where we assume (u, v, w, p) and their spatial derivatives are of order o(R −1/2 ) as R → +∞. Notice that (u, v, w) satisfy zero boundary condition at y = ±1, and are periodic in x and z. We also assume that p is periodic in x and z. One can write these lower case variables in terms of Fourier series,
Substituting (3.1) into the steady (∂ t = 0) form of the Navier-Stokes equations (2.1), we have the leading order equation (as R → +∞)
Using the Fourier series (3.2), the n = 0 mode leads to the following equations
Equation (3.7) is again the interaction equation between the "streak"(U (y, z), 0, 0) and the "roll" (0, v 0 (y, z), w 0 (y, z)).
The same argument as in last section leads to the following theorem.
Theorem 3.1. For the steady shear solutions of the 3D Euler equations
where f is any function satisfying f ′ (0) = 0.
Pipe Poiseuille Flow
The pipe Poiseuille flow is governed by the Navier-Stokes equations in the cylindrical coordinates,
where (u, v, w) are the three components of the fluid velocity along (r, θ, z) directions, p is the pressure, and ǫ = 1/R is the inverse of the Reynolds number. The boundary condition is that (u, v, w) vanish at r = 1 and are periodic in θ and z directions with periods 2π and ℓ z . The energy input of the pipe Poiseuille flow is provided by a constant pressure derivative.
In particular, the relevant steady shears that may persist for Navier-Stokes equations should satisfy the non-slip boundary condition, i.e.
and W (r, θ) is periodic in θ with period 2π. Let
be the possible corresponding steady solutions to the 3D Navier-Stokes equations, where we assume (u, v, w, p) and their spatial derivatives are of order o(R −1/2 ) as R → +∞. Notice that (u, v, w) satisfy zero boundary condition at r = 1, and are periodic in θ and z. We also assume that p is periodic in x and z. One can write these lower case variables in terms of Fourier series,
g n (r, θ)e Introducing the function ψ such that
then the system (4.11)-(4.14) reduces to
where ψ is periodic in θ (This means that we have assumed that u 0 has zero θ-directional mean.), and satisfies the boundary condition where we used the fact that U θ vanishes at r = 0, 1 and the variables are periodic in θ. This shows that the operator L is anti-self-adjoint.
The same argument as in previous sections leads to the following theorem. where f is any function satisfying f ′ (0) = 0.
